Let E and F be Banach spaces, E cF, and A an interval in ~. In this paper we use bifurcation theory to study the set of solutions of an equation M(u, 2)=0, where M is a smooth operator, M: E x A ~F. Suppose G is a compact Lie group acting on E and F, and that M is equivariant with respect to G in the sense that M(gu, 2)=gM(u, 2) for all gEG, u~E, 2~A. Then the set of solutions also admits a G-action. Suppose too that (uz, 2) is a smooth curve of invariant (symmetric) solutions under G; i.e., g u~ = u~, for all g ~ G.
w 1. Introduction
Let E and F be Banach spaces, E cF, and A an interval in ~. In this paper we use bifurcation theory to study the set of solutions of an equation M(u, 2)=0, where M is a smooth operator, M: E x A ~F. Suppose G is a compact Lie group acting on E and F, and that M is equivariant with respect to G in the sense that M(gu, 2)=gM (u, 2) for all gEG, u~E, 2~A. Then the set of solutions also admits a G-action. Suppose too that (uz, 2) is a smooth curve of invariant (symmetric) solutions under G; i.e., g u~ = u~, for all g ~ G. We investigate under what conditions there exists bifurcation from this curve of invariant solutions to non-invariant solutions; that is, we study the general problem of "symmetry-breaking". We consider the case where the u-derivative, dMo,~,,~ ) has a finite positive spectrum, and using an equivariant version of the Conley index, we prove the existence of bifurcation whenever there is a "change" in the positive spectrum. This problem arises naturally in the study of bifurcation of radial solutions of the semilinear elliptic equation into asymmetric ones (the problem of "symmetry breaking"; see [SW2, SW3, SWs]). Here G = O(n), the n-dimensional orthogonal group, D R denotes the n-ball of radius R centered at the origin, d/dn denotes differentiation in the outwardpointing normal direction, ct2+ f12= 1, and f is a smooth function. We shall show that our general results apply to this problem, and that under fairly general hypotheses on the nonlinear function f, there are infinitely-many symmetrybreaking solutions. Furthermore, we prove that at each such solution there bifurcates out families of distinct solutions having distinct symmetries.
Our general bifurcation result can be described as follows. is non-singular, i= 1, 2. Then modulo two technical assumptions, one of which mimics the notion of ellipticity, and the other of which is valid for groups G having less than 5 components (e.g. O(n)), we have that bifurcation for M occurs in 21 < 2 < 22, (see Theorem 3.3 for the precise statement). Our method is to construct a "modified", equivariant Lyapunov-Schmidttype reduction, global in 2, not to the kernel, (or center manifold), as previous workers have done, but to a finite-dimensional subspace containing the spaces P~I and P~2. This has the advantage that when e.g., G=O(n), we can obtain the simple condition that the Conley indices (for an associated finite-dimensional problem), are different at 2~ and /~2 iff Pz, 4: P~2, as representations of O(n). This last condition is easily verified in our application to the problem (1.1) (1.2), and enables us to prove that bifurcation must occur. A further argument is given to show that the symmetry breaks.
There are several different ways of relating "infinitesimal bifurcation" to bifurcation, (see e.g. [AZ, B, Ch, K, Kr, R, Ry]), but none of these are applicable to our symmetry-breaking problem, (1.1), (1.2). This is because the problem either lacks a specific form of variational structure, or the hypotheses required of the derivatives are not satisfied, or some "transversality" condition is just too difficult to verify. Moreover, we do not require that eigenvalues be simple, or "odd-dimensional" as required in the bifurcation theorems of Crandall-Rabinowitz and Krasnoselski, I-S]. Our method avoids these difficulties by using the Conley index. Similar ideas were used by Kielhofer [K], who uses the standard Lyapunov-Schmidt reduction (local in 2), to the kernel of dM~u.~), and he also requires a certain "crossing number" to be non-zero. Our approach is simpler, can be done equivariantly, is easily applicable to the symmetrybreaking problem for (1.1), (1.2), and does not require the crossing number to be non-zero.
In Sect. 2 we prove an abstract bifurcation theorem. Our method is to reduce it to one in finite dimensions whereby we show that information on the structure of the spaces P~,, (i = 1, 2), implies that we can explicitly compute Conley indices for rest points of an associated finite dimensional equation. For these equations we prove that bifurcation occurs, and then we transfer this information back to the given infinite dimensional equation. (To apply the Conley Index Theory directly in the infinite dimensional situation is simply too difficult.) These things are discussed in the introduction to Sect. 2, whereby we also make connections with the results of previous work in the literature.
In Sect. 3 we consider an equivariant form of the Conley index suitable for our purposes. We show how a theorem of Lee and Wasserman, [LW], applies to yield a general bifurcation result in the presence of a group action (Theorem 3.3).
In Sect. 4 we consider the application of our abstract results to the problem (1.i), (1.2). We state our precise hypotheses on f, and we summarize the linear
